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Abstract

In this paper we consider the problem of total exchange (or multi-scattering) in
the context of linear arraysand rings. Such a communication mode occurs when each
node has a distinct message to send to every other node in the network. The problem
has been studied extensively, although no optimal algorithm has been proposed for
the two networks of interest. We present simple algorithmsfor the two topol ogies and
prove their optimality.

1 Introduction

Linear arrays and rings are among the simplest and cheapest types of interconnection networks
for multiprocessors. Despite their simplicity they can be quite powerful and cost-effective for
the solution of various problems. They aso form the basis for such multidimensional structures
as meshes and tori. They have been extensively studied by researchers; the interested reader is
referred to FT. Leighton’stext [7].

Communi cations between processors (or nodes) of any interconnection network form the basis
for higher level task interactions and for paralel algorithm design. There have been identified five
important modes of communication, namely

¢ broadcasting where a single message from a specific node has to be given to the other nodes
in the network

¢ multinode broadcasting which involves simultaneous broadcasting from every node
¢ gathering where a separate message from each node has to reach a specific node

¢ scattering, the dual problem of gathering, where a certain node sends a distinct message to
every other node

¢ total exchange, a multiple scattering operation, where every node has a distinct message to
send to every other node.

The above terminology follows Bertsekas et a [2, 1]. Multinode broadcasting is a'so known as
‘gossiping’ or ‘al-to-al communication’ [10]. Scattering isalso known as‘one-to-all personalized
communication’ [6] and total exchange istermed ‘ multi-scattering’ in [8].

Communication a gorithmsfor various networks have appeared in [8, 9, 6, 2, 3, 1]. In particular,
references [8, 6, 1] dea with hypercubes. Other networks have been considered in [9, 2], whilein
[3] the scattering algorithm for rings proposed in [9] was proven to be optimal. For al but the total
exchange problem, optimal algorithmsfor linear arrays and rings can be found in [2].
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Figure 1: Linear array and ring

Efficient communication is essential for avariety of parallel dgorithms. Itsimpact in basic and
numerical linear agebra agorithms has been realized in [4, 5, 2]. In particular, total exchangeis,
among other things, associated with matrix transposition. Consider for example » nodes where
each node ¢ stores the ith row of an » x n matrix. In transposing the matrix, the :th node has
to receive one element of the matrix from every other node in order to form the ith column. We
recoghi ze this as the total exchange problem.

Thiswork presents optimal total exchange algorithmsfor linear arrays and rings and is organized
asfollows: section 2 introducesthe basic assumptionsand the lower boundsfor the time compl exity
of total exchange algorithms in the two networks; section 3 gives the algorithm for linear arrays
and the proof of its optimality; section 4 deals with rings and includes optimal algorithms for the
case of an odd or an even number of nodes.

2 Model and lower bound

A linear array and aring with n nodes each are shown in Fig. 1. In the linear array nodes are
labeled 1 to n from left to right and node : is connected through a bidirectional link with node
1+ 1,1 <i<n-—1.Inthering, nodesarelabeed 0ton — 1 inaclockwisefashion and node: is
adjacenttonodes: = 1 modn, 0 <i<n—1.

The networks are assumed to be store-and-forward switched so that thereisapacket (or message)
gueue associated with each node. For our purposes the terms packet and message are considered
equivalent in that each message consists of asingle packet. Following the model of Bertsekas et a
[1] we take as a unit of time (or step) the time required to transmit amessage over an incident link.
The multi-port availability assumption is also made whereby every node can utilize al its input
and output links simultaneously; each node can receive messages from all its neighbors and send
messages to them in a singletime unit. The assumptionis not crucial; the agorithms can be easily
transformed for the case of half-duplex linkswith a slowdown factor of two.

In the total exchange problem node ¢ has n — 1 distinct messages to send, one for each of the
other nodes in the network. The lower bound for the time complexity of total exchange algorithms
can be obtained as follows. Consider the linear array and form a bisection, keeping thefirst |n/2]
nodes in the first half and the rest in the other half. Any total exchange algorithm has to pass the
messages from thefirst half to the second half. Thereareintota |n/2|(n — |n/2]) such messages
and there isonly onelink that separates the two haves, namely the link from node | /2] to node
|n/2] 4+ 1. Atleast |[n/2|(n — [n/2]) stepsare hence needed to complete this movement, so that

m2 1
Tra( total exchange ) > T,,¢(r4) = P 1 -‘ . (1)



The same reasoning applied to an n-node ring gives

n2 _
Tr( total exchange ) > T,,(r) = P 3 1-‘ . (2)

For linear arrays, a simple total exchange algorithm was suggested in [2] consisting of n
consecutive scatterings. An optimal scattering from node i can be completedin max{i: — 1,n — ¢}
steps [2]. After some algebra we can see that the time needed for this total exchange schemeis
3Tyt — |n/2] which is about three times slower than the optimum. For rings, rotation of the
messages was suggested in [9], dropping one message at each stop. We show that thisalgorithmis
optimal only for odd » while a modification is required to achieve the optimum for even n.

3 Total exchangein linear arrays

We first observe that messages that travel towards the right end of the array do not interfere
with messages traveling towards its | eft end since they use links of opposite direction. Contention
occurs only between messages traveling in the same direction. Consequently the problem can
be thought as two subproblems, each involving message transmissionsin one direction, and they
can be solved simultaneously. Thus, without loss of generality, we can concentrate only on the
rightward messages.

Initially, nodes, 1 < ¢ < n—1,hasn — i messagesto send toitsright. In addition, thereare: — 1
messages in total meant for node ¢, residing at nodes 1,2, ..., — 1. When amessage is received
by itsdestination, it gets consumed immediately, i.e. it does not join the node's queue.

The agorithm we propose is quite simple:

doinpardlée for dl nodes: = 1,2,...,n — 1, dl thetime:
if node : has any messagesin its queue, it selects the message that has to
travel the largest distance and sendsiit to itsright. Ties are broken arbitrarily.

That is, we follow a furthest-first type of scheduling. The way ties are broken is clearly
immateria for the simple reason that the time the last message, out of the tied messages, leaves
node 7 isindependent of the identity of messages; it depends only on the number of tied messages.
Notice aso that there is no synchronization required among nodes, athough for our purposes we
will assume that al nodes start at the same time and are synchronized by a common clock. An
examplefor the case of » = 6 nodesisgiveninFig. 2.

For illustration purposes, we view the evol ution of the algorithm as a sequence of logical phases.
Phase « starts at the time node ¢ — 1 gets emptied, i.e. has no more messages to send. Our basic
argument isthat by the time node ¢ gets emptied, i.e. by the end of phase ¢, al messages addressed
tonode n — i + 1 have reached their destination. By the end of every phase the leftmost and the
rightmost of the active nodes become idle, reducing the number of active nodes by two.

As mentioned above, in the case of ties (two or more messages in the same node have to travel
the same distance) all tie-breaking protocolsyield the same running time. We can thus concentrate
in aspecific protocol without loss of generality. Thisprotocol breaksthetiesin favor of the message
that has already traveled the furthest distance, or in other words, in favor of the source with the
smallest address.

Let my(7) stand for the message of node k destined for node . The message has to go through
al nodesj,1 < k < j <i— 1, beforeit reaches nodei. Let 1) (my(4)) bethetimemy (i) leaves
node j. Then tU=1) (m,(i)) isthetime my (i) arrives a node ;.

For the special case of messages destined to node » observethat m ;(n) leaves node j at time 1,
foral j < n — 1 and it movestowards n without any delays. Specifically, message m4(n) isthe
last message to reach node » and t\) (m;(n)) = j. We have the following lemma.
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Figure 2: A 6-node linear array example (only the destinations of messages shown)

Lemmal If 1 <j<i<n-—1,then

19 (my () = {?2(3;‘(“ D) +1, ;iz:i (3)
9D (mpga (i) = A9 (ma() +1, 1<k <j—1 )

Proof. We prove the lemmausing double induction on  and ;.

Consider first the case of i = n — 1. Messages destined for node » are not delayed anywhere,
so that m4(n) leaves node j at time j. Message m4(n — 1) follows behind m(n) and because of
our scheduling discipline, it is not delayed anywhere, aswell. Henceit leavesnode j at timej + 1,
proving thus (3). Also, up to that time, no message m;(z ) has left node j except for z = n. We
prove (4) by induction on ;. Clearly, m(n — 1) leaves node 2 immediately after m4(n — 1). If (4)
aso holdsfor j =2,3,...,J — 1, then

) (mpga (n = 1)) = 177D (my(n — 1)) + 1.

Consequently, messagesfromnodes 1, 2, ..., J — 1 arrive at node J one after the other starting at
timeJ + 1, and since m j(n — 1) has not |eft yet (as of time.J + 1), they will also be scheduled to
leave node j one after the other, proving thus (4).

Now assume that (3) and (4) holdfordl : = n — 1,n — 2,..., T + 1. We will show that they
also hold for ¢ = I, using separate inductionson j.

For j = 1, (3) triviadly holds. If it dso holdsfordl j = 1,2,...,J — 1, then

(77D (my (1)) = 17D (my_a (1 + 1)) + 1,
thatis, my(7) arrivesat node J right after m ;y_4(7+1). Butfrominductionhypothesisfori = I+1,

message m ;(I + 1) hasnot left node .J yet since from (4) ishasto leave after mj_1(1 + 1). Thus
m1(I') must be scheduled to leave immediately after m (1 + 1), concluding theinduction on ;.



Finally, asimilar induction on j can be used to prove (4) for : = I. For, sincemy(I + 1) leaves
node 2 one time unit after m4 (7 + 1), message m4 () has arrived on time at node 2, proving (4)
for j = 2. Assumingthat the equation holdsfor j = 1,2,...,J — 1, weget

7 (mpga (1) = 177 (ma (1)) + 1.

Thus my1(7) leavesnode J — 1 right after m (1), i.e. it arrives at node .J just after my () does.
Because of our scheduling discipline, it will leave node J immediately after m (7). |

Equations (3) and (4) state that there is no idle time between message dispatches from node 7,
foral j < <. Inparticular, (4) guaranteesthat all messages destined for node « have arrived at node
j @ appropriate times, to be scheduled one after the other. The last message, hence, to leave j is
message m;(7) which leaves j — 1 time units after m4(¢). Equation (3) serializes the phases; only
after all messagesfor node: + 1 have left node 5, will messages for node i start departing from ;.

Using (3) and (4) repeatedly one can find the exact expression for () (my(i)) for any 1, j, k&,
1<k<j<i<n—1:

1) (my(i)) = jn — ji+ k. (5)

Lemma2 Phasej < n/2 endsattimeT; = jn — j* at which time node j sends its last message
andnoden — j + 1 receivesitslast message.

Proof. Phase j ends when node j gets emptied. Thisoccurs a time T; = 119 (m;(j + 1)) since
fromlemmal, m;(j + 1) isthelast message to leave node ;5. Equation (5) gives

T; =19 (m;(j + 1)) = jn — 52
On the other hand, node n — j + 1 < n — 1 receivesitslast messageat t" =) (m,,_;(n — j +1)).
Working exactly as above, we get
0= (mp_j(n = j+ 1)) = jn = j> = Tj.
Thelemmaalso holdsfor the case of node » sinceit receivesitslast message (mq(n)) attimen — 1,
at the end of phase 1. [ |

Theorem 1 The algorithmterminatesat time 7,,;(z 4)-

Proof. After each phase the number of active nodes is reduced by two as lemma 2 shows. The
agorithmterminatesat time T, after phasen /2 or phase (n — 1)/2 depending on whether n iseven
or odd. Using lemma?2, in thefirst case T = T,,/; = n*/4 andin the second T’ = T(,,_1y/; =
(n? —1)/4or,forany n, T = [(n® = 1)/4] = Top(1,4)-

4 Total exchangein rings

In the case of rings it is beneficial, in terms of speed, to send each message to its destination
through the shortest of the two paths available. Asin the case of linear arrays we only concentrate
inone direction, specifically, clockwise as counterclockwise messages do not interfere; except now
every node has at most | /2| messages to send. Because of someirregularities, the cases of odd »
and even n are discussed separately. For our purposes, we use the following notation:

o Ifxandyareintegers,thmx@ydgm—|—ymodnand:c@yd§f:c—ymodn.
e If m;(7) isthe message of node ; destined for node 7, then m;(i) & = o Mjaz (1B ).
. IfQisasetofmes&ages,thm@@mdg{m@x | m e Q}.



4.1 Odd number of nodes

In the case of odd » we show that any “reasonable” algorithm for the total exchange problem
is optimal. First, notice that every node has (n — 1)/2 messages to send both clockwise and
counterclockwise. Concentrating on the clockwise direction, node ¢ has messages for nodes: & 1,
i®2,..,1@ (n—1)/2. Consequently, the messages of node : have to travel atotal distance of

(n-1)/2 2
.onc=1
D; = Z 7= g
=1
For the whole ring the tota distanceis
n—1 2
n(n® —1)
D= D=2

To achieve the lower bound of (2), which in the case of odd n is exactly (n? — 1)/8, we need a
decrease of D/T,,,r) = n in tota distance D at every step of the algorithm. Since a message
transferred to the next node decreases D by 1, we see that a decrease of » in D is possible if and
only if al nodes are busy, al thetime. Any algorithm achieving thisisthus optimal.

Let ):(¢) be the message queue of node i at timet > 0. Assume that the same agorithm f
runs at every node, which given );(¢) decides that the next message to leave node : is message
J(Qi(1)).

Definition 1 Analgorithm f isnode-invariant if for non-empty message queueit aways schedules
some message to leave next, and f(Qo(t) @ i) = f(Qo(t)) P .

Lemma 3 Any node-invariant algorithm guaranteesthat, for all ¢ > 0, Q;(¢) = Qo(t) & 1.

Proof. Noticethat initially we have Q;(0) = Qo(0) & <. If we assume as an induction hypothesis
that Q;(¢) = Qo(t) & ¢ then we get

Qi(t+1) = Qi(t) U{f(Qic1 (1)} \ {F(Qi(1))},

where \ isthe set-theoretic difference. The above can be written as

Qi(t+1) = Qo(H)®iU{f(Qo(1) ®io1}\{f(Qu(t) B i)}
= {Qo(1) U {F(Quar(M)I\{/(Qo(1)}} @i
= Qo(t+1)d1,
proving the lemma. |

Theorem 2 Any node-invariant algorithmis an optimal total exchange algorithmfor odd rings.

Proof. Consider the first time that some node was observed to be idle, i.e. its queue was empty,
under some node-invariant algorithm. Because the algorithm is node-invariant, lemma 3 applies
to show that all nodes have the same queue size, i.e. they are all empty. Consequently all nodes
become idle at the same time; based on our earlier discussion, the algorithm is optimal. |

M ost reasonable algorithms are node-invariant, e.g. the ssmplefurthest-first and cl osest-first types
of scheduling with any consistent (across the ring) tie-breaking protocol. The same holds for the
message-shift algorithm where at every node messages join and leave the queue in a FIFO manner.
In effect this agorithm rotates the messages around the ring as was initially proposed in [9]. An
exampleisshownin Fig. 3(a). It should also be noted that the FIFO nature of message-shift allows
for the most effective implementation; in contrast with the furthest- or closest-first disciplines, the
nodes do not have to sort their message queues every time they receive a new message.
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Figure 3: Examples in a 7-node ring (a) and a 6-node ring (b)

4.2 Even number of nodes

The peculiarity of this case arises from the imbalance between clockwise and counterclockwise
messages. Specifically, the furthest node from node ¢ is node ¢ & n/2, so that if m;(i & n/2)
is scheduled for the clockwise direction, then in the counterclockwise direction there is one less
messageto be sent. If al nodes send n/2 messagesin the clockwisedirection, then it can be shown
that any node-invariant algorithm is suboptimal by an additive factor of O(n). It isthus necessary
to have some of the nodes send /2 — 1 messages clockwise.

We show next that a slightly modified message-shift algorithm is optima if for al even i,
0 <i<n-—2,node: sendsn/2 messages and node i ¢ 1 sends n/2 — 1 messages clockwise.
The modification requires that in the first steps, where all messages m;(j) leave node 7, the queue
of node ¢ is organized in a furthest-first order. After that we proceed in the norma FIFO manner.
That is, if messages |eave the queue from theright end and join the queue at the left end, then

Qi(0) = {mi(i ® 1), mi(i ® 2),. .., mi(i & n/2)}.

For node ¢ ¢ 1 the analogous ordering should be had. An exampleisshownin Fig. 3(b).
Concentrate on nodes and : & 1, where: iseven. Initialy,

Q:(0) = {mi(idk) | k=1,2,...,n/2}
Qis1(0) = {migi(i®1@k) | k=1,2,...,n/2-1}.

A simpleinduction shows that if at time¢

Qi(t) = {mige(i02j@k) | k=2j+1,...,n/2}
Qig1(t) = {mie(Qj_l)(iG(Qj—l)EBk) | k=27+41,...,n/2-1}

then after 2|Q;q1(¢)| Steps, i.e. after T; = n — 45 — 2 steps,

Qit+T;) = {migep(i6(2j+2)Bk) | k=2j+3,...,n/2}
Qic1(t+T;) = {migen(ic (2 +1)Dk) | k=25+3,...,n/2 -1}



Theorem 3 The algorithmterminatesat time 7,,; (g

Proof. Noticethat at timet, |Qi(t)| = n/2 — 25. If n/2 iseventhenfor j = n/4,|Q:(t)| = 0;
otherwise, for j = (n — 2)/4, |Q;(t)| = 1 and al queues become empty at the next step (since the
last message in @;(t) will be destined for node ¢ & 1). We obtain

7—1 7—1
1= "Tp=> (n—4k—2) = jn - 257
k=0 k=0
If n/2 iseven (j = n/4), wefinishat timet¢ = n?/8 otherwise (j = (n — 2)/4) wefinish at time
t = (n*+4)/8;inbothcases ¢ isequal to [(n? — 1)/8] = T,y(r). |
5 Conclusion

We presented total exchange (or multi-scattering) algorithms for linear arrays and rings. For
linear arrays we showed that the furthest-first message scheduling discipline yields the optimum
performance. In rings with an odd number of nodes any “consistent” distributed algorithm was
shown to be optimal. This does not hold when the number of nodesin thering iseven. Inthat case
aspecia arrangement of the message-shift algorithm was found to achieve the lower bound.
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